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The assembly of structures of composite materials cannot avoid
the presence of holes or cut outswhich induce stress concentrations
and reduce their strength. Due to its importance to designers,
predicting the notched strength of composite materials laminates
has been the subject of extensive research (Awerbuck andMadhukar,
1985). Experimental observations show that various forms of dam-
age including matrix cracking and delamination are created in the
vicinity of a notch (Carlsson et al., 1989; Green et al., 2007).
Modelling the development of damage with the help of damage
mechanics models requires extensive ﬁnite elements computation
(Laurin et al., 2007; Camanho et al., 2007; Van der Meer et al.,
2010). For preliminary design, faster prediction methods are pre-
ferred. These models rely on the analysis of the stress distribution
near the notch or on the use of linear elastic fracture mechanics
(Isupov and Mikhailov, 1998; Li et al., 2006). The widely used point
stress criterion (PSC) assumes that fracture occurs when the tensile
stress r reaches the unnotched strength rc at a characteristic
distance d0 from the notch (Whitney and Nuismer, 1974) with
rðd0Þ ¼ rc: ð1Þ
The equivalent ﬂaw model (Waddoups et al., 1971) postulates
that fracture occurs if the energy release rate for an equivalent
critical length ac reaches the material toughness Gc with
GðacÞ ¼ Gc: ð2Þll rights reserved.
: +33 5 5684 1225.
rtin).With the help of two-dimensional elasticity solutions, those
fracture criterions can be easily formulated. In each case, a charac-
teristic dimension (d0 or ac) is needed which is assumed to be a
material constant. However, experimental results indicate that this
length must be related to the notch size and the specimen geome-
try to obtain accurate predictions (Kim et al., 1995). This depen-
dence must be determined experimentally but there is thus a
need for an improved model which will avoid this empirical
approach.
The aim of this paper is to investigate the use of an improved
criterion to analyse crack onset in an open holed composite plate
subjected to tension. The previously mentioned criteria Eqs. (1)
and (2) require two parameters either strength rc or toughness
Gc and a characteristic length d0 or ac. A coupled criterion (CC)
has been proposed which combines energy and stress conditions
to describe a crack nucleation mechanism in the vicinity of a stress
concentrator in brittle materials (Leguillon, 2002). The two needed
parameters are the fracture ones (rc,Gc). It is demonstrated that
this approach allows the crack length at nucleation to depend both
on the fracture characteristics and the local geometry of the
notched specimen (Leguillon et al., 2007). A size effect can thus
be established as a consequence of the interaction between the
crack increment and another characteristic length of the notched
structure. It is a ﬁnite fracture mechanics approach which was also
proposed recently by Camanho et al. (2012). These authors have
validated their model by comparing predictions with experimental
data for a quasi-isotropic laminate for which the unnotched
strength and the fracture toughness were measured. In our paper,
an analysis of the nucleation process demonstrates that the CC can
3916 E. Martin et al. / International Journal of Solids and Structures 49 (2012) 3915–3922be considered as a ‘‘modiﬁed’’ PSC for which the characteristic dis-
tance is now a function of the hole radius and the plate width.
Starting from the ideal case of the isotropic and inﬁnite plate, the
inﬂuence of ﬁnite width and anisotropy are successively analysed.
2. The coupled criterion
The geometry of the plate is given in Fig. 1a. The radius of the
central open hole is R. The width and the length of the plate are
respectively denoted 2W and 2L. The origin of the coordinate sys-
tem is located at the centre of the hole with the y axis parallel to
the longitudinal direction of the plate. The loading r is applied in
direction y. It is assumed that a critical loading r⁄ initiates two
symmetric cracks of length a⁄ emanating from the edges of the hole
along direction x (Fig. 1b). In order to determine the critical values
(r⁄,a⁄), the coupled criterion combines an energy and a stress con-
dition as proposed by Leguillon (2002).
First, an energy balance at ﬁxed loading between an elastic state
prior to any crack growth and after the onset of a crack extension
of area DS leads to
DW þ DWk þ GcDS ¼ 0; ð3Þ
where DW is the change in potential energy, DWk the change in
kinetic energy and GcDS the fracture energy (Gc is the fracture
toughness). The condition DWk P 0 implies
Ginc ¼ DW
DS
P Gc; ð4Þ
where Ginc(a) is the incremental energy release rate in which the
inﬁnitesimal energy rates of the classical Grifﬁth approach are re-
placed by ﬁnite energy increments. Under the assumption of plane
elasticity, the increment area is DS = ah where a is the crack length
and h the thickness of the plate. Relation Eq. (4) can be written as
GincðaÞ ¼ AðaÞR
E0
r2 P Gc; ð5Þ
where E0 is the Young modulus of the plate material, A(a) is a
dimensionless coefﬁcient and r is the remote tensile load acting
on the plate. As DW is a decreasing function of the crack length,
the coefﬁcient A(a) increases with a and the energy condition
Eq. (5) provides a lower bound of the crack increment a for a given
value of the applied loading.2W 
x
2R
2L
y
σ*
σ*
a*a*
(a) (b)
Fig. 1. (a) the geometry of the open holed plate and (b) crack nucleation from the
edges of the hole upon a critical tensile loading.Second, a stress condition states that the tensile normal stress
ryy(x) reaches the tensile strength rc along the anticipated
nucleation length
ryyðx; y ¼ 0ÞP rc for R 6 x 6 Rþ a; ð6Þ
which can be written as
kyyðxÞrP rc for R 6 x 6 Rþ a: ð7Þ
The dimensionless coefﬁcient kyy(x) is a decreasing function of x
as a consequence of the stress concentration in the vicinity of the
hole. Thus the stress condition Eq. (7) provides an upper bound of
the crack increment a for a given value of the applied loading.
Increasing the loading reduces lower bound but increases the upper
bound. It is to be noted that (Camanho et al., 2012) uses a slightly
different approach with an average stress condition instead of
Eq. (6) and a stress intensity factor condition instead of Eq. (5).
Finally, for a monotonic and increasing applied loading, the
crack increment at nucleation a⁄ is obtained by combining the
equalities in Eqs. (5) and (7) which leads to
AðaÞ
ðkyyðaÞÞ2
¼ L
c
R
; ð8Þ
where Lc is the well known Irwin characteristic fracture length of
the material Lc ¼ E0GcðrcÞ2. Solving (8) is always possible as its left hand
side is an increasing function of a⁄ vanishing for a⁄ = 0. This equa-
tion indicates that a⁄ cannot be considered only as a characteristic
value of the material but depends on the hole radius R and the char-
acteristic length Lc. It must be pointed out that a⁄ does not represent
the ﬁnal crack length after crack onset. The stress and energy anal-
ysis demonstrates that the crack length is a discontinuous function
at the quasi-static time scale so that the crack size at onset cannot
be smaller than a⁄. However, the nucleated crack is unstable and a⁄
is not a crack arrest size but corresponds to the ﬁrst state after
nucleation. The CC can be considered as a ‘‘modiﬁed’’ PSC using
Eq. (1) for which d0 = a⁄ is provided by (8). Once the initiation length
a⁄ is determined, the initiation stress r⁄ is given by
r ¼ r0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AðaÞp with r0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E0G
c
R
s
; ð9aÞ
or equivalently from
r ¼ r
c
kyyðaÞ : ð9bÞ
The normalised tensile strength rrc is
r
rc
¼ 1
kyyðaÞ ¼
ﬃﬃﬃﬃ
Lc
R
r
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AðaÞp : ð10Þ3. Examples and discussion
An isotropic and inﬁnite plate is ﬁrst considered before investi-
gating the inﬂuence of ﬁnite width and anisotropy.
3.1. Isotropic inﬁnite plate
In this case, the distribution of the normal stress prior to failure
ryy(x, 0) only depends on xR (Timoshenko and Goodier, 1970) with
k1yy
x
R
 
¼ 1
2
2þ 1þ x
R
 2
þ 3 1þ x
R
 4 
: ð11Þ
The stress concentration factor at the edge of a hole is indepen-
dent of the hole radius but the size of the stress concentration re-
gion depends on R. The expression for the stress intensity factor of
two symmetric cracks emanating from a circular hole in an inﬁnite
rectangular plate in tension is (Tada et al., 1985)
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Fig. 3. The applied stress r⁄ at crack onset normalised by the tensile strength rc
versus the ratio RLc for an isotropic open holed plate with various width ratios
W
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ﬃﬃﬃﬃﬃﬃ
pa
p
F
a
R
 
with F
a
R
 
¼0:5 3 a
R
 
1þ1:243 1 a
R
 3 
;
ð12Þ
Assuming a plane stress state and reminding that the energy
release rate is given for a unit thickness by GðaÞ ¼  dWda ¼
ðK1I ðaÞÞ2
E0
allows to estimate the incremental energy release rate
GincðaÞ ¼ 1a
R a
0 GðaÞda. Finally, the incremental energy release rate
is given by
Ginc1
a
R
 
¼ A1 aR
  R
E0
r2 with A1
a
R
 
¼ p
R a=R
0 zF
2ðzÞdz
a=R
: ð13Þ
Combining (11) and (13) allows estimating the crack increment
at nucleation aR as a function of
Lc
R with the help of Eq. (8). The
corresponding curve is plotted in Fig. 2. Further, it is possible to
evaluate the normalised tensile strength rrc (as given by (10)) which
is shown in Fig. 3 as a function of the ratio RLc . This plot describes the
‘‘hole size effect’’ whereby the strength decreases with increasing
hole radius. The expected transition between a small hole (Lc R)
for which rrc ! 1 and a large hole (R Lc) for which r

rc ! 13 is
observed.
To emphasize the role of the characteristic length Lc, Fig. 4
represents the ratio aLc versus
R
Lc . The inﬂuence of the hole can be ne-
glected for a small hole (Lc R) with R a⁄ which leads to
GincðaÞ ¼ p2 aE0e2. The energy condition with r⁄ = rc leads to
a ¼ 2p Lc ¼ 0:64Lc . In the case of a large hole (R Lc), the condition
R a⁄ in relation (10) leads to GincðaÞ ¼ 9p2 ð1:215Þ2aE0e2. The en-
ergy condition with r ¼ rc3 leads to a ¼ 2p 1ð1:215Þ2 L
c ¼ 0:51Lc . The
asymptotic values 0.64Lc and 0.51Lc are indicated in Fig. 4 which
makes clear that the crack length at initiation a⁄ is not a monotonic
function of the hole radius: a⁄ may be a decreasing if RLc < 0:4
 
or
an increasing function if RLc > 0:4
 
of the hole radius for a ﬁxed
value of Lc.
Fig. 5 plots the evolution of a⁄(R) for various values of the
characteristic length (i.e. various values of a combination of the
failure parameters and Young’s modulus). This ﬁgure shows that
the crack increment is proportional to Lc and also depends on R.0
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Fig. 2. The predicted crack increment ratio aR versus the ratio
Lc
R for an isotropic
open holed plate with various width ratios WR . The inﬁnite plate corresponds to
W
R ¼ 1.
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Fig. 4. The crack increment ratio aLc versus the ratio
R
Lc for an isotropic open holed
plate with various width ratios L
c
R . The inﬁnite plate corresponds to
W
R ¼ 1.It is thus expected that the PSC (which assumes a constant value
a⁄(R) = d0 whatever the hole radius) will not provide the same ini-
tiation stress compared to the CC. This is conﬁrmed by Fig. 6 which
compares the two criteria for various values of the characteristic
distance d0. A smaller value of d0 seems to ﬁt the small hole re-
sponse while a larger value of d0 ﬁts the large hole data. It is inter-
esting to note that Whitney and Nuismer (1974) obtained similar
results when comparing data obtained from the point stress crite-
rion with experimental data. Fitting the curve aLc ðRLcÞ allows to
determine
a ¼a0Lc RLc
 b0
with a0¼0:34; b0¼0:15 and 0:46
R
Lc
610:
ð14Þ
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Fig. 5. The crack increment a⁄ versus the hole radius R (varying between 1 and 31 mm) for various values of the characteristic length Lc: (a) inﬁnite plate and (b) ﬁnite-width
plate.
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Fig. 6. Normalised tensile strength versus the ratio RLc for an isotropic and inﬁnite
open holed plate: comparison between the CC (solid line) and the PSC (dotted lines)
for various values of the ratio d0Lc .
3918 E. Martin et al. / International Journal of Solids and Structures 49 (2012) 3915–3922Using the PSC Eq. (1) with d0 = a⁄ and a⁄ provided by Eq. (14) al-
lows to minimise the deviation with the CC (within the interval
0:4 6 RLc 6 10). Relation Eq. (14) thus establishes the inﬂuence of
the hole radius on the characteristic distance d0 for an inﬁnite
plate. Such a power law dependence between the characteristic
distance and the hole radius has already been proposed to improve
the PSC (Byron-Pipes et al., 1979). Nevertheless, the exponent
determined in the literature to ﬁt experimental data reveals typi-
cally higher ( 0.3  0.5) than the value b0 = 0.15 estimated with
Eq. (14). It will be shown in the next section that taking into ac-
count the ﬁnite width of the specimen leads to a higher value of
the exponent.3.2. Inﬂuence of the ﬁnite- width
For an isotropic open holed plate with a width 2W, a
ﬁnite-width correction factor must be introduced and the stress
distribution of the normal stress ryy(x, 0) now depends on xR and
R
W (Tan, 1988) with
kwyy
x
R
;
R
W
 
¼ 2þ 1
R
W
 3
3 1 RW
  k1yy xR
 
¼ 1
2
2þ 1 RW
 3
3 1 RW
 
 2þ 1þ x
R
 2
þ 3 1þ x
R
 4 
: ð15Þ
The expression for the stress intensity factor of two symmetric
cracks emanating from a circular hole in a ﬁnite-width rectangular
plate in tension is (Potti et al., 2001)
KwI ðaÞ ¼ r
ﬃﬃﬃﬃﬃﬃ
pa
p 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cosp RW
q H a
R
;
R
W
 
with
H
a
R
;
R
W
 
¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cosp RW 1þ aR
 q 1þ 0:358 1þ aR
 
þ 1:425 1þ a
R
 2
 1:578 1þ a
R
 3
þ 2:156 1þ a
R
 4
: ð16Þ
Assuming a plane stress state allows to estimate the incremen-
tal energy release rate which is given by
Gincw
a
R
;
R
W
 
¼ Aw aR ;
R
W
 
R
E0
r2 with
Aw
a
R
;
R
W
 
¼ p
cos p RW
  R a=R0 zH2 z; RW dz
a=R
: ð17Þ
Relation Eq. (15) indicates that the ﬁnite-width increases the
stress concentration in the vicinity of the hole and Eq. (17) shows
that Gincw quickly increases as the crack length reaches the free edge
of the plate. It can be shown that Gincw grows like
1
lLn2 l
as l? 0 where
l =W  R  a is the ligament width (Leguillon, 1990). The
ﬁnite-width functions kwyy
x
R ;
R
W
 
and Aw aR ;
R
W
 
are now used to solve
Eq. (8). As plotted in Fig. 2, taking into account the ﬁnite-width
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Fig. 7. Normalised tensile strength versus the hole radius R for an isotropic and
ﬁnite-width open holed plate for various values of the characteristic length Lc. The
half-width of the plate is W = 40 mm.
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an inﬁnite plate) for higher values of L
c
R . As a consequence of the
stress concentration increase, the applied stress at crack onset is
also smaller than the value obtained for the inﬁnite plate (Fig. 3).
The maximum value of a⁄ is W  R which is predicted for high val-
ues of Lc such that Lc > 10W. In this case, the asymptotic value of aLc
is 0 (and no longer 0.64) for large values of Lc as plotted in Fig. 4.
This ﬁgure also reveals that Eq. (14) is no more valid for a ﬁnite
width plate. Fitting the curve aLc
R
Lc ;
R
W
 
provides
a ¼ a R
W
 
Lc
R
Lc
 b RWð Þ
; with a
R
W
 
¼ a0  0:217 RW
 2
;
b
R
W
 
¼ b0 þ 0:384
R
W
 2
and 0:4 6 R
Lc
6 10: ð18Þ0
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Fig. 8. (a) Predicted crack increment ratio aR versus the ratio
Lc
R and (b) Normalised ten
material ðk ¼ 1Þ. The numerical procedure is used.Comparing once more with the PSC, this relation deﬁnes the
inﬂuence of the plate width on the characteristic distance d0 as al-
ready suggested by Srivastava and Kumar (2002).
Lastly, Fig. 7 compares the normalised holed strength for
various values of the Irwin length. Increasing Lc increases the
strength. For a sufﬁciently high Lc, the material can approach the
‘‘notch-insensitive’’ zone whose normalised strength only depends
on the geometry with rrc ¼ 1 RW. On the opposite, a low Lc implies a
‘‘notch-sensitive’’ material as rrc mainly depends on the stress
concentration factor.
3.3. Inﬂuence of anisotropy
For an inﬁnite orthotropic plate containing a circular hole, a
simpliﬁed expression of the stress distribution is given by Konish
and Whitney (1975).
k^1yy
x
R
 
¼ 1
2
2þ 1þ x
R
 2
þ 3 1þ x
R
 4
 KT  3ð Þ 5 1þ xR
 6
7 1þ x
R
 8
; ð19Þ
with KT ¼ 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ﬃﬃﬃ
Ey
Ex
q
 myx
 
þ EyGxy
r
and where (Ex, Ey, Gxy, myx)are the
effective engineering elastic constants of the orthotropic material.
KT is the stress concentration factor which reduces to KT = 3 for
the isotropic case. There is no closed form solution for the stress
intensity factor of cracks emanating from a hole in an anisotropic
plate. A ﬁnite element analysis is thus used to evaluate the norma-
lised incremental energy release rate A^1ðaRÞ. The details of the
numerical analysis are provided in the Appendix. A large value of
the ratio WR is used to simulate an inﬁnite plate. Following the results
of (Bao et al., 1992), it was numerically checked that only two
parameters ðk;qÞ can be used to determine the inﬂuence of in-plane
orthotropy on A^1 aR
 
with
k ¼ Ex
Ey
; q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ExEy
p
2Gxy
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃmxymyxp ð20Þ0.3
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Fig. 9. Normalised tensile strength versus the hole radius R for a quasi-isotropic open holed plate for various values of the parameter q: (a) numerical procedure and (b)
analytical procedure. The characteristic fracture length is Lc = 1 mm and the half width is W = 20 mm.
Table 1
Comparison of predicted data with the experimental values of Kim et al. (1995) for glass–epoxy specimens.
Numerical procedure Analytical procedure
W (mm) rc (MPa) Gc (J m2) Lc (mm) CC sw (%) PSC with d0 = 0.24Lc sw (%) Gc (J m2) Lc (mm) CC sw (%) PSC with d0 = 0.34Lc sw (%)
5 351.4 7424 1.42 5.7 5.7 5810 1.11 7.2 9.2
10 318.6 12,757 2.97 6.4 6.2 10,121 2.35 7.9 8.9
20 275.3 19,879 6.19 6.5 6.4 15,568 4.85 8.1 8.6
3920 E. Martin et al. / International Journal of Solids and Structures 49 (2012) 3915–3922An isotropic material coincides with k ¼ q ¼ 1 and a quasi-
isotropic one is speciﬁed with k ¼ 1. Compared with numerical re-
sults, it is found that Eq. (19) is not accurate for highly anisotropic
materials (i.e. if the values of k and q are very different from unity).
In this case, the expression proposed by Russo and Zuccarello
(2007) must be preferred. Finite element values of k^1yy
x
R
 
and
A^1ðaRÞ are used to solve Eq. (8). In this case, it is to be noted that
the selected value of E0 is E0 = Ey. Fig. 8 illustrates the inﬂuence
of the parameter q for a quasi-isotropic material with k ¼ 1. For
a given ratio L
c
R , the crack increment ratio
a
R at nucleation decreases
with a increasing value of q (Fig. 8a). Correlatively, the normalised
strength decreases with an increasing value of q (Fig. 8b). Results
also show that increasing k (for a ﬁxed value of q) leads to an in-
crease of a⁄ (and thus an increase of the normalised strength).
The same ﬁnite elements procedure is utilised to evaluate the func-
tions k^Wyy
x
R ;
R
W
 
and A^W aR ;
R
W
 
which are necessary to apply the CC for
a ﬁnite width orthotropic plate. Fig. 9a represents the normalised
tensile strength versus the hole radius for a ﬁnite width quasi-
isotropic plate W = 20 mm. It conﬁrms that increasing q reduces
the strength. Fig. 9b plots the same data obtained with the help
of analytical relations. In this case, the ﬁnite width correction
factor is given by Tan (1988) with
k^wyy
x
R
;
R
W
 
¼ F^wyy
R
W
 
k^1yy
x
R
 
;
F^wyy
R
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 8 3ð1R=WÞ
2þð1R=WÞ3
 
 1
r
 1
2ðR=WÞ2
ð21Þand the incremental energy release rate is the value provided by
Eq. (17) which thus ignores the inﬂuence of orthotropy. Compared
with the numerical results, it must be noted that signiﬁcant
deviations are observed for q > 1: the analytical results overesti-
mate the normalised tensile strength in this case.
3.4. Comparison with experimental data
Predictions of the CC are now compared with the experimental
data providedbyKimet al. (1995) forwovenglass/epoxy specimens.
The elastic properties of these composites (Ex = Ey = 23.6
GPa, Gxy = 4 GPa, myx = 0.11) corresponds to quasi-isotropic materi-
als with k ¼ 1 and q = 2.84. Three series of data with
W = 5, 10, 20 mm were tested. Tensile tests were performed for
eight values of the ratio RkW (between 0.03 and 0.5) and for eachwidth
to determine the strength rexpðRk=WÞ of the open hole specimens.
The experimental scattering is not indicated by Kim et al. (1995)
who only provide the average values rexpðRk=WÞ obtained with
three specimens. It must be noted that the unnotched strength
rc(W) revealed signiﬁcantly different for each width and following
the procedure selected by Kim et al. (1995), each batch of different
width is considered as a quasi-isotropicmaterialwith similar elastic
properties but different fracture properties. The fracture toughness
of the specimens is not known so that an inverse method is used
for its identiﬁcation which is clearly different from Camanho et al.
(2012) which could directly predict the notched strength.
For each tested width, the fracture energy Gc(W) is estimated by
minimising the relative deviation sW between model and experi-
mental results with sW ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
8
Pk¼8
k¼1
rexpðRk=WÞrðRk=WÞ
rexpðRk=WÞ
 2r
. Table 1 re-
ports the values obtained with the help of the CC based on the
numerical procedure described in the Appendix and the analytical
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Fig. 10. Comparison of predicted tensile strengths with the experimental values of Kim et al. (1995) for glass–epoxy specimens with W = 20 mm; (a) CC with Gc values
reported in Table 1 and (b) PSC with d0 values reported in Table 1. Both numerical and analytical procedures are used.
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Fig. 10 only for W = 20 mm but the plots for other widths are sim-
ilar. This plot demonstrates a reasonable agreement between
predicted and experimental values. The estimated fracture ener-
gies increase with the specimen width. This is consistent with
the results of Kim et al. (1995) who also estimate a fracture tough-
ness with the help of a ﬂaw model. Using the analytical relation-
ships leads to lower values of Gc which is coherent with the
result of the previous section indicating that the tensile strength
is overestimated in this case. Furthermore, a slightly worse agree-
ment with experimental data is observed using analytical relations.0.1
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Fig. 11. (a) Crack increments versus the ratio RW predicted at fracture onset for glass–epox
and the numerical procedure is used. Diamonds indicate the d0/Lc values which ﬁt exactly
line indicates the ﬁxed d0/Lc selected for the PSC. (b) Comparison of predicted tensile stre
with W = 20 mm(CC with the numerical procedure). Two different values of the fractureThe predictions obtained with the PSC are also reported in Table 1
and Fig. 10. For this purpose, the value of d0 was selected in order
to obtain the best match with experimental values. This leads to
d0 = 0.24Lc for the numerical functions and d0 = 0.34Lcfor the
analytical functions. It is again observed that the PSC also provides
a better agreement if the numerical functions are used.
Finally, Fig. 11a plots the crack increment length a⁄ versus the
hole radius R as estimated by the numerical procedure. To repre-
sent easily the three series of data, this length is normalised by
the characteristic fracture length Lc (which depends on the width
as recalled in Table 1) and the radius is normalised by the width50
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y specimens (Kim et al., 1995). The three series of data (W = 5,10,20 mm) are plotted
the experimental data. Circles represent the a⁄/Lc values predicted by the CC and the
ngths with the experimental values of Kim et al. (1995) for glass–epoxy specimens
toughness are used to ﬁt the data for small and large holes.
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Fig. A1. Boundary conditions used for the ﬁnite elements model: (a) prior to crack
nucleation and (b) after crack extension.
3922 E. Martin et al. / International Journal of Solids and Structures 49 (2012) 3915–3922W. It is observed that the CC leads to a non monotonic variation of
a⁄ as already predicted in Section 3.1. The length d0 = 0.24Lc which
is used for the PSC is also plotted and corresponds to an average of
a⁄. The lengths d0 which ﬁt exactly the experimental data (using
relation Eq. (1)) for each RW are also plotted. Compared to the PSC,
it reveals that the CC improves the estimation of d0 for RW  0:1
but fails for smaller values. Fig. 11b makes clear that a better
agreement with experimental data is obtained with a smaller Gc
for small holes and a higher Gc for larger holes. This must be related
to the observation that notch sensitivity is related to the damage
development prior to fracture in the vicinity of the hole (Green
et al., 2007). This damage development is ignored by the CC but
experimental results have shown that subcritical damage mecha-
nisms may change with the increase of the hole radius and induce
a toughness variation as suggested by Fig. 11b.
4. Conclusion
The presentwork uses a coupled strength and energy criterion to
analyse the fracture onset in the vicinity of a hole within a tensile
loaded composite plate. The various conﬁgurations of an inﬁnite
and ﬁnite width, isotropic and orthotropic plates are investigated
with the help of analytical and numerical models. It is shown that
this approach (i) describes the hole size effect whereby the strength
decreases with increasing the hole radius, (ii) can be considered as
an improvement of the point stress criterion for which the charac-
teristic distance is now related to the fracture characteristics
(strength and toughness) and the geometry (hole radius and plate
width). For a quasi-isotropic composite plate, a comparison
between model predictions and experimental data is performed.
The fracture toughness which leads to an acceptable agreement is
identiﬁed. Using a numerical model instead of simpliﬁed analytical
relations slightly improves the accuracy but leads to a higher value
of the identiﬁed toughness. It is also shown that the characteristic
distance which is necessary to apply the point stress criterion can
be taken as proportional to the Irwin length of the material.
Appendix Finite. element analysis
The elastic ﬁnite element analysis is performed with the help of
the ﬁnite element library Modulef (Bernadou et al., 1998). A two-
dimensional model with linear triangular elements is used and
the mesh is strongly reﬁned in the vicinity of the hole. The half
length of the plate is taken as L = 10W. The resulting mesh typicallycontains a number of 25,000 nodes. A plane stress state is assumed.
The boundary conditions are imposed displacements as depicted in
Fig. A1.
For a given prescribed displacement (and thus a remote strain e),
the ﬁnite element solution provides (i) the normal stressrFEyyðxÞ prior
to crack nucleation (Fig. A1a) and (ii) the change DWFE(a) =
W(a = 0) W(a) in elastic energy after crack extension (Fig. A1b).
The coefﬁcient kFEyyðxÞ is deduced from kFEyyðxÞ ¼
rFEyyðxÞ
E0e
and the
normalised energy release rate is given by AFEðaÞ ¼ G
inc
FE ðaÞ
RE0e2
¼
1
RE0e2
DWFEðaÞ
DS ¼ 1RE0e2
DWFEðaÞ
a . Solving
AFEðaÞ
½kFEyyðaÞ2
¼ LcR allows to estimate
the crack increment at nucleation a⁄. The strain e⁄ at crack onset
is e ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gc
AFEðaÞE0R
q
¼ rc
kFEyyðaÞE0
. The initiation stress r⁄ results from
r⁄ = E(R)e⁄where E(R) is the longitudinalmodulus of the holed plate
which leads to rrc ¼ EðRÞE0 1kFEyyðaÞ ¼
EðRÞ
E0
ﬃﬃﬃ
Lc
R
q
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AFEðaÞ
p . For an isotropic and
wide plate ðW P 50RÞ, it was checked that the analytical results
(a⁄, r⁄) obtained with Eqs. (11) and (13) are identical to the results
providedby the numerical procedurewithin the range0:1 6 RLc 6 10.
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